Abstract. We suggest a reformulation of the problem of determining algebraically the Blanchfield pairing (Seifert form) of the link of an isolated singularity, in terms of seeking an hermitean isomorphism of the local Gauß-Manin connection with its dual in the category of such connections.
is an (n − 1)-connected (2n − 1)-manifold, and the complement S 2n+1 ε − f −1 (0) is fibred over S 1 with (n − 1)-connected fibre F , for ε sufficiently small [19] . The isotopy type of the embedding of L(f ) in S 2n+1 ε is determined by the intersection pairing on H n (F ; Z) together with the action of the monodromy [7] . In particular, if L(f ) is n-connected it is homeomorphic to S 2n−1 , and the pair (S 2n+1 ε , L(f )) is a (2n − 1)-knot. (The enhanced intersection pairing is then equivalent to the Seifert form of the knot).
The homology with complex coefficients and the characteristic polynomial of the monodromy may be obtained in terms of a connection on a relative de Rham module [4] . The purpose of this note is to reconsider the question "how may we best derive the enhanced intersection pairing from f ?" in the light of expectations deriving from knot theory. Barlet used asymptotic expansions of integrals of wedge products of differential forms along f −1 (s) for s near 0 in C to construct a pairing which is equivalent to the complexified intersection pairing (with monodromy action) away from the summand on which the monodromy has eigenvalue 1 [2] . In the classical case of plane curve singularities (n = 1) Eisenbud and Neumann gave an iterative proceedure to construct the complexified Seifert form, in terms of Puiseux data [8] . However there remains the problem of finding a direct, purely algebraic construction in tems of local commutative algebra.
For simplicity we shall concentrate on the case of plane curve singularities. In §1 we sketch how Poincaré duality gives rise to the Blanchfield pairing for an odddimensional knot, which is the enhanced intersection form in the fibred case. In §2 we define meromorphic connection and state without proof some of the basic properties of the category of such connections. The key example is the local Gauß-Manin connection associated to an isolated singularity, which we recall in §3. In the final section we suggest a reformulation of the basic problem in terms of seeking a natural "geometric" self-dual isomorphism from the local Gauß-Manin connection to its dual.
The interaction between knot theory and complex analytic geometry has been long and fruitful. (See [9] for early references, [5, 8, 12, 16, 19] for expositions, and [21, 22] for some more recent work on plane curve singularities.) The formulation of the question in §4 is the only novelty in this note.
Hermitean pairings in knot theory
Let K : S 1 → S 3 be a knot with a tubular neighbourhood
3 −intN and the knot group is π = πK = π 1 (X(K)). The standard orientations of euclidean spaces R n (and the "outward normal last" convention for orienting S n−1 = ∂D n ⊂ R n ) determine a preferred conjugacy class of meridians m for K (corresponding to loops {1} × S 1 on ∂N = ∂X) and hence a generator for the abelianization π ab = π/π = H 1 (X; Z) ∼ = Z. We may choose the homeomorphism N ∼ = S 1 × D 2 so that S 1 × {1} ⊂ ∂N = ∂X is a longitude for K, bounding a surface F in X and representing a generator of Ker(: H 1 (∂X; Z) → H 1 (X; Z)). We may construct the infinite cyclic covering space X corresponding to the commuator subgroup π by splitting X along
Let Λ = Z[t, t −1 ] be the integral group ring of π ab = Z and let B(K) = H 1 (X; Λ) be the homology with local coefficients Λ in degree 1. Then B(K) = H 1 (X ; Z) with the (left) Λ-module structure determined by the action of the covering transformation t corresponding to the meridians. Since X is homotopy equivalent to a finite 2-complex, χ(X) = 0 and Λ is noetherian B(K) is a finitely generated Λ-module with a square presentation matrix. It follows easily from the Wang sequence of the fibration X → S 1 = K(Z, 1) corresponding to the abelianization :
Since ∂X ∼ = S 1 × R the module H 1 (∂X; Λ) is generated by a lift of , which bounds a copy of F in X . Therefore B(K) ∼ = H 1 (X, ∂X; Λ). Poincaré-Lefshetz duality and the Universal Coefficient spectral sequence give isomorphisms
(The modules under the overlines are naturally right Λ-modules, and the overline denotes the conjugate left module structure, given by t.
be the composite of these isomorphisms. In particular, B(K) is Z-torsion free. (This also follows easily from the results in the previous paragraph).
Let
Then b K is Λ-linear in α and conjugate linear in β, and is nonsingular (since D is an isomorphism). It can be shown that
This pairing is the Blanchfield pairing for K. (See [11, 15] .)
If K is a fibred knot with fibre F then B(K) = H 1 (F ; Z), with Λ-module structure determined by the monodromy, and b K is then equivalent to the intersection pairing on H 1 (F ; Z) together with the isometric action of the monodromy [25] . For other knots the Blanchfield pairing may be computed in terms of the Seifert pairing associated to a choice of spanning surface for the knot. (The above construction is intrinsic, in that it does not depend on such a choice). If we use instead coefficients in a field F we may identify the Blanchfield pairing with the cup product pairing of H q (X ; F) with itself into H 2q (X , ∂X ; F) ∼ = F [20] . In higher dimensions, if K is a (2q − 1)-knot and T is the Z-torsion submodule of H q (X; Λ) there is an analogous Blanchfield pairing on B q (K) = H q (X; Λ)/T . (The submodule T is 0 if K is "simple", i.e., if X is (q − 1)-connected). This is a nonsingular (−1) q+1 -hermitean pairing, and it is a complete invariant for simple (2q − 1)-knots. The Witt class of b K in the appropriate Witt group is a complete invariant of knot concordance for all odd n > 1 [14] .
If we consider instead a link L : rS 1 → S 3 each component determines a conjugacy class of meridians, and π ab ∼ = Z r . There is a preferred epimorphism : π → Z, sending each meridian to the positive generator 1 ∈ Z. The corresponding infinite cyclic covering is called the total linking number covering. It is no longer true that H 1 (X(L); Λ) is always a torsion Λ-module or that
. However these modules become isomorphic after localizing with respect to the multiplicative system {(t − 1) n | n > 0}. We then obtain a nonsingular hermitean pairing on the Λ S -torsion submodule of H 1 (X(L); Λ S ). Moreover H 1 (X(L); Λ) is a torsion module if the reduced Alexander polynomial is nonzero, which is always the case for the links of plane algebraic curve singularities. (There is also an analogous pairing associated to the maximal abelian covering, but this may be of less interest in the present context [11] ).
Meromorphic connections
The material in this section is largely taken from [17] , to which we refer for further details. (See also [3, 6] .) Let S = C{{s}} be the ring of germs of holomorphic functions at 0 ∈ C, with field of fractions K = S[s A meromorphic connection over K is a pair (M, ∂ M ) where M is a finitely generated K-vector space and
-linear, and the category C of meromorphic connections over K is equivalent to the category of left D[s −1 ]-modules of finite length. In particular, it is an abelian category. The nonunits in the endomorphism ring of an indecomposable module of finite length form a 2-sided ideal [1] . Therefore the Krull-Schmidt Theorem holds in C: every meromorphic connection over K has an essentially unique decomposition as a direct sum of indecomposable connections. Moreover End C (M, ∂ M ) is artinian and hence radically complete.
A meromorphic connection (M,
The category of regular connections is a full additive subcategory C reg . The indecomposable regular meromorphic connections are all of the form M (α, n) = (K n , ∂ α,n ), where α ∈ C and n ≥ 1, and ∂ α,n (e i ) = s −1 (αe i +e i+1 ) for i < n and ∂ α,n (e n ) = s −1 αe n . Two such elementary connections M (α, n) and M (β, p) are isomorphic if and only if α − β ∈ Z and n = p.
We may extend the notion of meromorphic connection by defining a meromorphic connection over S to be a pair (M, ∂ M ) consisting of a finitely generated S-module and a C-linear function
for all f ∈ S and m ∈ M . The category C S of meromorphic connections over S is an additive category in which idempotents split, and there is an obvious localization functor from C S to C.
The Gauss-Manin connection
Brieskorn has shown that the cohomology of the Milnor fibre H n (F ; C) may be identified with the kernel of the topological Gauß-Manin connection over a deleted neighbourhood of 0 in C, and that the characteristic polynomial of the monodromy may (in principle) be computed in terms of an algebraically defined local Gauß-Manin connection on a relative de Rham cohomology module [4] . In this section we shall define the latter connection in the plane curve case. (See [12] for an elementary account of plane curve singularities).
Let R = C{{x, y}} be the ring of germs of holomorphic functions at 0 ∈ C 2 and let f ∈ R be the germ of an isolated singularity. Then the ideal (f x , f y ) contains a power of the maximal ideal. In particular, f x and f y have no common factor in R,
Let Ω p be the module of germs of holomorphic p-forms
(via f * ) and so we obtain a S-cochain complex Ω *
f , H and H are S-modules, H 1 f ≤ H and H ∼ = Cok(δ), where δ : R → R is the S-linear derivation given by δ(g) = g x f y − g y f x , for all g ∈ R.
Since f x and f y are relatively prime wedge product with df induces a monomorphism κ : H → H , with cokernel Ω 
f , and the function defined by
gives a well defined meromorphic connection over S. The pair (H 1 f , ∇) is the local Gauß-Manin connection associated to f . Brieskorn used the coherence theorem of Grauert to show that the S-modules H, H and H are finitely generated and of rank µ(f ), and that (H 1 f , ∇) is regular [4] . Moreover H is torsion free as an S-module [24] . Hence so are H [12] .)
The apparent contradiction of the injectivity of the local Gauß-Manin connection as just defined with the claim that the cohomology of F may be identified with the kernel of the topological Gauß-Manin connection may be resolved by interpreting the equation s∇(η) = 0 as a linear system of 1 st order ODEs and extending coefficients from S to a larger ring, to include all possible solutions to such a linear system.
Let D ε = {z = u + iv ∈ C | e −2πv < ε} be the universal cover of the punctured disc of radius ε and let S = lim ε→0 O( D ε ) be the ring of functions holomorphic on some halfplane Im(z) >> 0. Composition with the exponential function (s = e 2πiz ) induces an inclusion e * : K → S, and the derivation∂ = 
and so the equation s∇(η) = 0 corresponds to the linear system
over K. Extending coefficients to S gives the system d dz
The solutions of this system form a finite dimensional C-vector space, and the monodromy of this system is quasiunipotent. This is essentially the cohomological monodromy (with complex coefficients) of the Milnor fibre 
Duality pairings
Quebbemann, Scharlau and Schulte have codified the notion of hermitean pairing in an additive category C with an involution * . Let ε = ±1. Then an ε-hermitean pairing on an object C of C is defined to be an isomorphism φ : C → C * such that φ * = εφ. This categorical point of view is particularly useful if the KrullSchmidt Theorem holds for the objects of C and the endomorphism rings of objects are radically complete. For then the analysis of the decompositions of hermitean pairings into orthogonal direct sums may be reduced to corresponding questions for pairings over (skew) fields [23] .
For example, let P Λ be the additive category of finitely generated torsion Λ-modules of projective dimension at most 1. If M is such a Λ-module let M * = Hom Λ (M, Q(t)/Λ). Then M * * is canonically isomorphic to M , and * extends to a functorial involution of P Λ . If K is a classical knot then b K is a +1-hermitean pairing on B(K) in the sense of [23] . If instead we let P FΛ be the category of torsion modules over FΛ = F[t, t −1 ], where F is a field, the Krull-Schmidt Theorem and radical completion hold.
The Krull-Schmidt Theorem and radical completion also hold if C is the category of triples (A, B, E), where A and B are finite Λ-modules and E is an exact sequence 0 → A/2A → B → 2 A → 0, with N * = Ext 2 Λ (N, Λ), or if C is the category of finite stable CW -complexes Σ n Y withH * (Y ; Q) = 0 and with duality given by SpanierWhitehead duality. The latter two cases have been used to study the factorization of certain nontrivial classes of even-dimensional knots [10, 13] .
The utility of this approach in knot theory suggests reformulating our original question in similar terms. Since the cohomology of the Milnor fibre (as a CΛ-module) is given by solutions of the linear system determined by the local Gauß-Manin connection we seek an hermitean self-duality of (H * such that φ * = φ, and which determines the cup product pairing on H 1 (F ; C)?"
